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Ultimate Quantum Sensitivity in the Estimation of the Delay between two
Interfering Photons through Frequency-Resolving Sampling
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We demonstrate the ultimate sensitivity allowed by quantum physics in the estimation of the time delay
between two photons by measuring their interference at a beam splitter through frequency-resolving sam-
pling measurements. This sensitivity can be increased quadratically by decreasing the photonic temporal
bandwidth even at values smaller than the time delay when standard two-photon interferometers become
inoperable and without adapting the path of the reference photon, nor the need of time-resolving detectors
with an unfeasible high resolution. Applications can range from the more feasible imaging of nanostruc-
tures, including biological samples, and nanomaterial surfaces to quantum enhanced estimation based on
frequency-resolved boson sampling in optical networks.
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Photons manifest unique quantum properties that might
appear odd and counter intuitive from a classical stand-
point. A paradigmatic example of this unusual behavior
is given by the interference of two identical photons after
impinging separately at the two faces of a balanced beam
splitter, as the two photons always end up together in one
of the two output arms of the beam splitter [1–8]. This
tendency of the photons to “bunch” together arises from
the lack of information on which path the two photons
undertake when interfering at the beam splitter. Such inter-
ference phenomenon is sensitive to the differences between
the physical parameters associated with the two photons.
This has motivated estimation schemes for high-precision
measurements of the two-photon time delay [1,9–11], or
the state of polarization of the photons [12]. Remark-
ably, the estimation of time intervals has achieved in this
way precisions ranging from subpicoseconds [1] up to
the attoseconds regime [9]. In particular, the employment
of notions borrowed from estimation theory and the sub-
sequent study of the Fisher information [13,14]—a way
to quantify the ultimate amount of information that can
be obtained about an unknown parameter with a given
estimation scheme—have recently allowed for a further

*danilo.triggiani@port.ac.uk
†vincenzo.tamma@port.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

boost in the levels of precision achievable [9–11,15]. On
the other hand, these analyses also show that the sensi-
tivity of schemes based purely on the observation of the
coincidence and bunching statistic is highly dependent on
how much the two photons differ from each other in the
parameter to estimate, such as their relative time delay
[1–9]. In particular, such two-photon interference tech-
niques become insensitive to photonic time delays beyond
the temporal bandwidth of the photons [1–9]

A different approach with respect to standard two-
photon interference takes advantage of current detectors
capable of resolving inner-mode variables of the photons,
such as their time of arrival [15–20] or their frequencies
[21–23]. Indeed, one can exploit the quantum beating, i.e.,
the oscillations in the count of coincidence and bunch-
ing events of two photons as a function of the detection
times or the detected frequencies, to infer the value of
the frequency shift or the time delay of the two photons,
respectively [16,17,24,25]. Furthermore, differently from
nonresolved two-photon interference (i.e., standard inter-
ferometry performed without resolving the photonic inner-
mode variables), quantum beating can be observed even
in the case of negligible overlap in the time or frequency
domain between the photonic wave packets impinging at
the beam splitter. However, although a quantum advantage
for the inner-mode variables interference of independent
photons has already been demonstrated from a compu-
tational point of view [26–28], the ultimate precision of
such a technique from a metrological perspective is yet not
known. This motivates the following important questions
pertinent to the development of high-precision quantum
sensing technologies, such as feasible observation and
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FIG. 1. Scheme of the interferometric setup. Two independent
photons in the state in Eq. (1) with identical frequency distri-
butions are produced by independent sources S1 and S2 with
a given degree of indistinguishability η deriving from nontem-
poral properties (e.g., different polarizations). After impinging
onto the two faces of a balanced beam splitter with an unknown
time delay �t, the two photons are eventually observed by the
frequency-resolving detectors D1 and D2. At each experimental
run, a sample (ω,ω′, X) from the output probability distribution
in Eq. (3) is observed, where ω and ω′ are the random values of
the frequencies of the detected photons and X = B, C specifies if
it is a bunching (B) or a coincidence (C) event.

imaging of nanomaterials or nanostructures in biological
samples [9]. Is there a quantum metrological advantage
arising from the inner-mode variables quantum interfer-
ence of photons? If yes, is it possible to quantify such an
advantage in terms of the ultimate precision fundamentally
achievable? How does such an advantage depend on the
value of the parameter to estimate?

In this work we demonstrate the ultimate precision
achievable in the estimation of time delays between inde-
pendent photons with the same frequency distribution,
interfering at a balanced beam splitter, and detected at
the output with frequency-resolving detectors, as described
in Fig. 1. We show that the measurement scheme pro-
posed is optimal for identical photons with an arbitrary
time delay. When instead a nonvanishing distinguishabil-
ity between the two photons in any nontemporal property
(e.g., polarizations) is present, the quantum advantage is
still retained, even if such nontemporal distinguishability
is not “erased” at the detectors by suitable measurements.
In particular, we demonstrate that this scheme is effec-
tive also in the regime of photonic temporal bandwidth
much smaller than their temporal delay, a regime in which
nonresolving two-photon interferometry fails. This is a
particularly interesting feature since, as we show, it allows
us to employ extremely short photons, which have the
largest sensitivity in the estimation of time delays, without
the need of fine tuning the reference path of the inter-
ferometer with a precision comparable with the temporal
bandwidth of the photons. We finally perform a numerical
simulation showing how the ultimate precision assessed
by the Fisher information we evaluate can be practi-
cally achieved with a feasible number of iterations of the
experiment.

I. EXPERIMENTAL SETUP

The quantum state of the two independent photons
before impinging on the beam splitter is (see Fig. 1)

|ψ〉 =
∫

R

dω1ξ1(ω1)(ηâ†
1,ω1

+
√

1 − η2b̂†
1,ω1
)|vac〉

⊗
∫

R

dω2ξ2(ω2)â
†
2,ω2

|vac〉, (1)

where ξi(ω) = ξ̄ (ω) e−iωti is the frequency probability
amplitude of the photon injected in the ith channel, with
i = 1, 2 and |ξ1(ω)| = |ξ2(ω)| ≡ ξ̄ (ω) (photons with the
same spectra), and ti is the time of incidence of the ith pho-
ton on the beam splitter. The quantity �t = t2 − t1 is thus
the unknown delay to be measured. For a given frequency
ω and spatial channel i, the commuting creation opera-
tors â†

i,ω and b̂†
i,ω denote orthogonal modes in any given

additional degree of freedom, such as polarization or inner
spatial modes: for η = 1, the two photons differ only in
their injection times, while for 0 � η < 1, a further dis-
tinction between the states of the two photons arises (e.g.,
they can be in different polarizations, where η = 0 is the
limit case of orthogonal polarizations).

In our model, at each repetition of the experiment, the
photons are randomly observed at either of the output ports
of the balanced beam splitter. Simultaneously, their fre-
quencies are measured at all possible random values within
their frequency distribution |ξ(ω)|2 (with a given spec-
tral bandwidth σ ), with high enough resolution δω so that
their distinguishability in time is erased, i.e., for Gaussian
spectra [21],

δω � 1
|�t| and δω � σ . (2)

Noticeably, the second condition on δω in Eq. (2) is weaker
than the former in the regime of highest precision, which
we show to be for large σ . For imperfect detectors able to
detect an incoming photon with a finite probability γ < 1,

Pη(ω,ω′, X) = γ 2ξ̄ (ω)2ξ̄ (ω′)2

× {1 + α(X)η2 cos[(ω − ω′)�t]}, (3)

with X = B, C, α(B) = 1 and α(C) = −1, represents the
probability of the sample outcome (ω,ω′, X) of a single
iteration of the experiment, in which the two photons either
bunch in the same channel (X = B) or end up in different
channels (X = C) with random frequency values ω and ω′,
up to a factor δω2 due to the resolution of the detectors (see
Appendix B). Expectedly, the probability in Eq. (3) mani-
fests quantum beats with a period inversely proportional to
the photonic time delay �t.

The experiment thus consists in sampling from the
output probability distribution in Eq. (3) the outcomes
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(ω,ω′, X), without spectral filtering at specific frequencies
(see Appendix D). Therefore, similarly to boson sampling
[26–28], the output probability distribution does not need
to be experimentally reproduced avoiding therefore the
need of a large number of experimental runs. Indeed, we
show that, for photons with a Gaussian frequency dis-
tribution, it is enough to observe <1000 samples, and,
thus, photonic pairs, to achieve unbiasedness and optimal
precision (see Appendix D).

II. BOUNDS ON THE PRECISION

To fully analyze the precision achievable with our
setup in Fig. 1, we evaluate the bound on the variance
Var[�̃t] of any unbiased estimator �̃t associated with our
scheme, given by the Cramér-Rao bound [13,14], and com-
pare it with the smallest variance achievable with any
measurement scheme, given by the quantum Cramér-Rao
bound [29,30]. These bounds are related by the chain of
inequalities

Var[�̃t] � 1
NF(�t)

� 1
NH(�t)

, (4)

where N is the number of repetitions of the measure-
ment, F(�t) is the Fisher information associated with
the frequency-resolving estimation scheme [13,14], and
H(�t) is the quantum Fisher information, i.e., the max-
imum of the Fisher information over all possible mea-
surement schemes employing the photonic state in Eq. (1)
[29,30].

The first inequality in Eq. (4) can always be saturated
in the asymptotic regime of large N by the maximum-
likelihood estimator [13,14] (see Appendix D), so we focus
on the analysis of F(�t). The maximum precision achiev-
able with the probe state in Eq. (1), given by the quantum
Fisher information (see Appendix A)

H(�t) = 2σ 2 = 1
2τ 2 ≡ H , (5)

is independent of the value of �t to be estimated, with
σ 2 the squared spectral bandwidth of each photon fre-
quency probability distribution, i.e., the variance of ξ̄ (ω)2,
and τ = 1/2σ the temporal bandwidth. Compared with
the quantum Fisher information in the case of entangled
photons generated with spontaneous parametric down-
conversion with spectral bandwidth σ , the one in Eq. (5)
is halved [10,15,31]. This means that, by only relying on
independent photons, it is possible to achieve an ultimate
precision that differs only by a constant factor 1/

√
2 from

the one achievable with entangled photons.

III. FISHER INFORMATION BASED ON
FREQUENCY-RESOLVED MEASUREMENTS

We now determine the expression of the Fisher infor-
mation for frequency-resolved measurements in the setup
in Fig. 1. This includes the contribution from all the pos-
sible frequency-resolved events of photon bunching and
coincidences occurring with the probabilities in Eq. (3),
respectively. The Fisher information for such a scheme
becomes (see Appendix C 1)

Fη(�t) = η4γ 2Iη(�t), (6)

with

Iη(�t) =
∫

R2
dω dω′ ξ̄ (ω)2ξ̄ (ω′)2(ω − ω′)2

× ζη[(ω − ω′)�t], (7)

where

ζη(x) = sin2 x
1 − η4 cos2 x

(8)

is for η �= 1, a periodic function of period π oscillating
between 0 and 1, whilst for η = 1, it becomes identically
equal to 1.

We consider first the case where the photons differ only
in the time they impinge on the beam splitter (η = 1).
Because of the photon indistinguishability at the detec-
tors arising from the frequency-resolved measurement,
the Fisher information Fη=1(�t) ≡ Fη=1 becomes inde-
pendent of �t and proportional to the quantum Fisher
information in Eq. (5), i.e.,

Fη=1 = γ 2H = 2γ 2σ 2 = γ 2

2τ 2 , (9)

implying that shorter photons yield a more precise estima-
tion. Remarkably, the detector efficiency only affects the
estimation precision through a constant factor γ 2, and, for
lossless detectors γ = 1, the Fisher information equals the
quantum Fisher information H found in Eq. (5). There-
fore, this estimation scheme based on frequency-resolving
measurements is optimal, and the level of high precision
achieved is independent of the value of the delay to be
estimated. Furthermore, Fη=1, similarly to H , is indepen-
dent of the structure of the photonic wave packets, and it
increases with the spectral variance σ 2, for any value of the
time delay �t. In practical terms, if we assume a biphoton
rate of 1 MHz and lossless detectors, employing photons
with a temporal bandwidth of τ ∼ 60 fs within the reach
of the state of the art [32,33], our frequency-resolving
technique allows us to reach the attosecond precision in
the estimation of any delay in only 2 h of measurements,
while reducing τ to 10 fs would allow us to achieve the
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same sensitivity in less than 4 min. In addition to high-
precision measurements, our technique also allows for
faster estimations.

We consider now the case η < 1 where the pho-
tons manifest some distinguishability at the detectors in
parameters other than time. Of particular interest is the
regime of small values of τ/�t. Indeed, when shorter
and shorter temporal bandwidths τ , even smaller than �t,
are employed, the quantum Fisher information in Eq. (5)
yields higher and higher sensitivities. The value of the
Fisher information in Eq. (6) in such a regime, for regular
photonic spectra (see Appendix C 2)

Fη(τ/�t � 1) = (1 −
√

1 − η4)Fη=1 ∝ 1
τ 2 , (10)

is, for any value of η < 1, independent of �t, proportional
to the spectral variance σ 2 and independent of any other
parameter in the wave packet distribution, as the quantum
Fisher information H in Eq. (5).

The Cramér-Rao bound in Eq. (4) associated with the
Fisher information in Eqs. (9) and (10) entails, for any
value of η, an increase of precision when broader spec-
tral bandwidths σ (shorter temporal bandwidths τ ) are
employed. This also overcomes the need for optimizing
the reference path of the interferometer with high preci-
sion of the order of τ to maximize the Fisher information,
as customary for nonresolved two-photon interference [9].

IV. EXAMPLE OF GAUSSIAN WAVE PACKETS

A typical experimental example is the case of Gaussian
wave packets for which the Fisher information in Eq. (6)
reduces to (see Appendix C 3)

FG
η (�t) = Fη=1IG

η

(
�t
τ

)
, (11)

with the integral

IG
η

(
�t
τ

)
= 2η4

√
1
π

∫ ∞

−∞
dκe−κ2

κ2ζη

(
κ
�t
τ

)
(12)

dependent on the periodic function ζη in Eq. (8).
As a practical comparison, the Fisher information in

Eq. (11) manifests a clear metrological advantage with
respect to the Fisher information associated with nonre-
solved (NR) two-photon interference measurements (see
Appendix C 4)

FG,NR
η (�t) = Fη=1

1
2

η4

exp[�t2
2τ2 ] − η4

�t2

τ 2 . (13)

In fact, as evident from Fig. 2, FG
η (�t) > FG,NR

η (�t) inde-
pendently of the indistinguishability η at the detectors,

FIG. 2. Plots of the Fisher information Fη(�t) = FG
η (�t) for

Gaussian photons in Eq. (11) (lines with markers) and Fη(�t) =
FG,NR
η (�t) in Eq. (13) (thinner lines) as functions of the ratio
τ/�t between the photonic temporal bandwidth and the delay
to be estimated. The nonresolving Fisher information quickly
decreases for temporal bandwidths smaller than the optimal
value τ � �t/2, while the frequency-resolving Fisher informa-
tion rapidly increases [see Eq. (10)]. This means that, for any
given value of the delay, the quantum metrological advantage
of resolved measurements increases in principle arbitrarily when
employing shorter and shorter photons.

of the photonic spectral bandwidth σ , and of the value
�t to be estimated, leading to a quantum advantage of
frequency-resolved measurements. In particular, for any
given value of the delay �t, when shorter and shorter
photons are employed to maximize the quantum Fisher
information, such quantum advantage FG(�t)/FG,NR(�t)
increases exponentially with 1/τ (see Appendix C 3).
Indeed, in the absence of information about the frequen-
cies of the detected photons in the nonresolved technique,
the estimation has to be restricted only to feasible experi-
mental scenarios�t � 2τ (see Fig. 2), and it is not possible
to take full advantage of the quadratic scaling with 1/τ of
the quantum Fisher information.

As a further advantage of the frequency-resolving tech-
nique, from the results obtained with numerical simu-
lations shown in Fig. 3, it appears that the saturation
of the Cramér-Rao bound in Eq. (4) when employing
the maximum-likelihood estimator [13,14] is consistently
achieved with less than 1000 observed samples indepen-
dently of the value of the delay, differently from the
nonresolving approach (see Appendix D). Moreover, the
outcome of the frequency-resolving estimation appears to
always yield finite estimates of �t. Instead, in the nonre-
solving approach, the observed number of bunching and
coincidence events can fail to provide a real and finite
estimate of �t due to statistical fluctuations. The corre-
sponding fail probability drastically increases for larger
delays, even if still of the order of τ , and for smaller values
of the distinguishability η, even when we restrict ourselves
to optimal values of the delay (see Appendix D).
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FIG. 3. Four numerical simulations have been carried out to test the rate of convergence of the variance of the maximum-likelihood
estimator to the correspondent Cramér-Rao bound in Eq. (4) for the resolving (blue circles) and nonresolving (orange squares) tech-
nique for Gaussian spectra. Each point represents an average over 106 attempted iterations of the estimation. For the nonresolved
approach, points where more than 1% of the estimations fail to yield a finite estimate are omitted (see Appendix D). Our technique
appears to saturate the Cramér-Rao bound with fewer samples than in the nonresolving approach, particularly for decreasing values of
τ/�t and decreasing η.

V. CONCLUSIONS

We demonstrate the quantum metrological advantage
in the estimation of the time delay between two pho-
tons with the same frequency distribution in a two-photon
interference setup with frequency-resolving detectors. We
show that, for photons with arbitrary time delay, sampling
from the coincidence and bunching probabilities, and addi-
tionally from all the possible photonic frequencies, is an
optimal estimation strategy—in the sense that it saturates
the ultimate precision given by the quantum Cramér-Rao
bound.

Even for pairs of photons with any degree of nontem-
poral distinguishability in the measurement (e.g., polariza-
tion), this frequency-resolved technique still outperforms
nonresolving measurements, for any value of the spec-
tral bandwidth and of the time delay to be estimated.
This enhancement in precision is especially significant
with ultrashort photons, even shorter than the time delay
to be estimated, since both the quantum Fisher infor-
mation and the frequency-resolving Fisher information
increase quadratically with the photonic spectral band-
width. Indeed, independently of the value of the time delay
to estimate, there is no upper limit, in principle, to the max-
imum achievable precision, particularly in view of future
sources able to generate shorter and shorter photons. This
is not the case for nonresolved interferometers, where the
maximum precision (achievable only after a prior opti-
mization of the setup) is fundamentally limited in value
for any fixed delay, and the sensitivity decreases expo-
nentially with smaller and smaller overlap between the
photonic wave packets [9]. Moreover, it appears that, com-
pared with the nonresolving technique, fewer samples are
required to saturate the Cramér-Rao bound through the
maximum-likelihood estimator.

Furthermore, the precision of this technique is not lim-
ited by the detector time resolution required to resolve
directly the time delay as in time-resolved measurements
[15]. Indeed, this constraint is circumvented by a much
less demanding resolution in the frequency domain that
aims only to ensure photon indistinguishability in time
at the detectors independently of the precision one wants
to achieve in the estimation. Instead, such a precision is
fundamentally limited mainly by the minimum achievable
temporal bandwidth of the photons. These results have
therefore the potential to substantially improve the preci-
sion and the duration of the measurement of current and
future sensing techniques (e.g., optical coherence tomogra-
phy [34], quantitative phase microscopy [35], holographic
interference microscopy [36]) employing photons that are
shorter than the delay to be measured, with applications,
among others, in biomedical sensing [37,38], such as sur-
face roughness characterization [39], and more in general
in the characterization of any semitransparent sample.

From a more fundamental perspective, the pro-
posed technique unravels the full metrological power of
frequency-resolved sampling measurements allowing us to
infer high-precision information about the photon in the
conjugate (time) domain that would otherwise be com-
pletely lost. We also emphasize that it is possible to
operate the same technique to enhance the precision of
two-photon interference protocols for the estimation of the
frequency shift between two independent photons through
time-resolving measurements, i.e., inverting the role of the
two conjugate variables. These results are thus applica-
ble, in principle, to general estimation schemes based on
any pair of conjugate parameters, such as position and
momentum or angular position and orbital angular momen-
tum. They also lay the foundations for future schemes
based on multiparameter resolved measurements able to
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increase the indistinguishability of photons at the detec-
tors in multiple degrees of freedom, and therefore, enhance
the metrological capabilities of multiphoton interference
techniques.

Finally, an extension of such results to more than two
photons could lead in future works to the demonstra-
tion of a quantum metrological advantage of inner-mode
variables multiphoton interference in more general linear
optical networks with a larger number N of nonentangled
input photons based on sampling in suitable photonic inner
degrees of freedom at the interferometer output [24]. The
extension of this technique to an optical network with two
or more entangled photons will be also addressed in future
works.
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APPENDIX A: QUANTUM FISHER
INFORMATION

In this section we evaluate the quantum Fisher informa-
tion in Eq. (5) in the main text. To do so, we first need
to rewrite the probe state |ψ〉 in Eq. (1) in terms of the
delay �t between the two photons. In the following treat-
ment, we suppose that all the moments of the frequency
distribution of the two photons are known, as well as the
distinguishability parameter η, while the time delay �t =
t1 − t2 and the sum of the emission times ttot = t1 + t2
are unknown, as is customary in experimental scenarios.
Since in this setup two unknown parameter are present,
the formal approach to this estimation problem requires
the employment of the 2 × 2 quantum Fisher information
matrix (QFIM) H [29,30,40], whose elements are given by

Hij = 4Re[〈∂iψ | ∂jψ〉 − 〈ψ | ∂iψ〉∗〈ψ | ∂jψ〉],
i, j = 1, 2, (A1)

where we denote with ∂1 ≡ ∂− and ∂2 ≡ ∂+ the derivatives
with respect to�t and ttot, respectively, while the quantum
Cramér-Rao bound is given in matrix form as

Cov[{�t, ttot}] ≥ H−1

N
. (A2)

We show that the QFIM is diagonal, so that the Cramér-
Rao bound associated with the time delay can be written
only in terms of H11 ≡ H(�t), with H(�t) shown in
Eq. (5).

First, we rewrite the state |ψ〉 from Eq. (1),

|ψ〉 =
∫

R2
dω1 dω2 ξ̄ (ω1)ξ̄ (ω2) e−iω1t1−iω2t2

× (ηâ†
1,ω1

+
√

1 − η2b̂†
1,ω1
)â†

2,ω2
|vac〉,

=
∫

R2
dω1 dω2 ξ̄ (ω1)ξ̄ (ω2) e−ittot(ω1+ω2)/2−i�t(ω1−ω2)/2

× (ηâ†
1,ω1

+
√

1 − η2b̂†
1,ω1
)â†

2,ω2
|vac〉. (A3)

It is straightforward to evaluate the derivatives |∂1ψ〉 ≡
|∂−ψ〉 and |∂2ψ〉 ≡ |∂+ψ〉 as

|∂±ψ〉 = 1
2i

∫
R2

dω1 dω2 e−ittot
ω1+ω2

2 −i�tω1−ω2
2 (ω1 ± ω2)

× ξ̄ (ω1)ξ̄ (ω2)(ηâ†
1,ω1

+
√

1 − η2b̂†
1,ω1
)â†

2,ω2
|vac〉.
(A4)

To evaluate the scalar products in Eq. (A1), it is useful to
first note that

〈vac|(ηâ1,ω3 +
√

1 − η2b̂1,ω3)(ηâ†
1,ω1

+
√

1 − η2b̂†
1,ω1
)

× â2,ω4 â†
2,ω2

|vac〉 = δ(ω1 − ω3)δ(ω2 − ω4), (A5)

where δ(·) is the Dirac delta distribution. Now we can
easily evaluate the scalar products

〈∂−ψ | ∂−ψ〉 = 1
4

∫
R2

dω1 dω2(ω1 − ω2)
2ξ̄ (ω1)

2ξ̄ (ω2)
2

= 1
2
σ 2

〈∂+ψ | ∂+ψ〉 = 1
4

∫
R2

dω1 dω2(ω1 + ω2)
2ξ̄ (ω1)

2ξ̄ (ω2)
2

= 1
2
(σ 2 + 2ω2

0)

〈∂−ψ | ∂+ψ〉 = 1
4

∫
R2

dω1 dω2(ω
2
1 −ω2

2)ξ̄ (ω1)
2ξ̄ (ω2)

2 = 0

〈ψ | ∂−ψ〉 = 1
2i

∫
R2

dω1 dω2(ω1 −ω2)ξ̄ (ω1)
2ξ̄ (ω2)

2 = 0

〈ψ | ∂+ψ〉 = 1
2i

∫
R2

dω1 dω2(ω1 + ω2)ξ̄ (ω1)
2ξ̄ (ω2)

2

= −iω0, (A6)

where ω0 and σ 2 are the central frequency and vari-
ance of the frequency distribution ξ̄ (ω)2, and finally, by
substituting Eq. (A6) into Eq. (A1), we obtain the QFIM
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H =
(

2σ 2 0
0 2σ 2

)
, (A7)

which is diagonal, and the element H(�t) associated with the delay �t is the value in Eq. (5) appearing in the quantum
Cramér-Rao bound shown in Eq. (4) in the main text.

APPENDIX B: BUNCHING AND COINCIDENCE PROBABILITIES

Here, we evaluate the probability in Eq. (3) that the two photons are observed with frequencies ω1,ω2 in the same and
in different output channels.

The balanced beam splitter, on which the two photons in the state |ψ〉 in Eq. (1) impinge, can be described with a 2 × 2
unitary matrix UBS of transition amplitudes

UBS = 1√
2

(
1 −1
1 1

)
, (B1)

and it acts on the injected probe through the map ÛBSâ†
i Û†

BS = ∑
j =1,2(UBS)ij â†

j , and equivalently for b̂†
i . With reference

to Eq. (1), the two-photon state |ψ ′〉 at the output of the beam splitter thus reads

|ψ ′〉 = ÛBS|ψ〉 = 1
2

∫
R2

dω1 dω2 ξ1(ω1)ξ2(ω2)[η(â
†
1,ω1

− â†
2,ω1
)+

√
1 − η2(b̂†

1,ω1
− b̂†

2,ω1
)](â†

1,ω2
+ â†

2,ω2
)|vac〉

= 1
2

∫
R2

dω1 dω2 ξ1(ω1)ξ2(ω2)[η(â
†
1,ω1

â†
1,ω2

− â†
2,ω1

â†
2,ω2

+ â†
1,ω1

â†
2,ω2

− â†
2,ω1

â†
1,ω2
)

+
√

1 − η2(b̂†
1,ω1

â†
1,ω2

− b̂†
2,ω1

â†
2,ω2

+ b̂†
1,ω1

â†
2,ω2

− b̂†
2,ω1

â†
1,ω2
)]. (B2)

In order to evaluate the probabilities that two photons with frequencies ω andω′ are observed in each configuration (bunch-
ing or coincidence), it is convenient to further manipulate Eq. (B2) to more easily take into account the indistinguishability
of identical photons, so that

|ψ ′〉 = η

2

∫
ω1<ω2

dω1 dω2 [ξ1(ω1)ξ2(ω2)+ ξ1(ω2)ξ2(ω1)][â
†
1,ω1

â†
1,ω2

− â†
2,ω1

â†
2,ω2

]|vac〉

+ η

2

∫
ω1<ω2

dω1 dω2 [ξ1(ω1)ξ2(ω2)− ξ1(ω2)ξ2(ω1)][â
†
1,ω1

â†
2,ω2

− â†
2,ω1

â†
1,ω2

]|vac〉

+
√

1 − η2

2

∫
R2

dω1 dω2 ξ1(ω1)ξ2(ω2)(b̂
†
1,ω1

â†
1,ω2

− b̂†
2,ω1

â†
2,ω2

+ b̂†
1,ω1

â†
2,ω2

− b̂†
2,ω1

â†
1,ω2
)|vac〉, (B3)

can be written as a sum of three contributes: the first associated with photons ending up in the same channel and in the
mode described by the operator â†

i,ωj
, the second with the photons ending up in different channels in the mode described by

the operator â†
i,ωj

, and the third is the contribution given when the distinguishability in the inner properties other than time
and frequency (e.g., polarization) is observed at the detectors. Hence, the probability pB([ω − δω/2,ω + δω/2], [ω′ −
δω/2,ω′ + δω/2]) to observe the two photons together in any of the output channels with frequencies ω,ω′ within the
resolution δω is given by

pB([ω − δω/2,ω + δω/2], [ω′ − δω/2,ω′ + δω/2])

=
∫ ω+δω/2

ω−δω/2

∫ ω′+δω/2

ω′−δω/2
dw1 dw2

∑
i=1,2

|〈vac|âi,w1 âi,w2 |ψ ′〉|2 + |〈vac|âi,w1 b̂i,w2 |ψ ′〉|2 + |〈vac|b̂i,w1 âi,w2 |ψ ′〉|2

=
∫ ω+δω/2

ω−δω/2

∫ ω′+δω/2

ω′−δω/2
dw1 dw2

{
η2

2
|ξ1(w1)ξ2(w2)+ ξ1(w2)ξ2(w1)|2 + 1 − η2

2
[|ξ1(w1)ξ2(w2)|2 + |ξ1(w2)ξ2(w1)|2]

}

= 1
2
{|ξ1(ω)ξ2(ω

′)|2 + |ξ1(ω
′)ξ2(ω)|2 + 2η2 Re[ξ1(ω)ξ2(ω

′)ξ ∗
1 (ω

′)ξ ∗
2 (ω)]}δωδω′ ≡ pB(ω,ω′)δω2, (B4)
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where, in the last step, we assume that the resolution δω is small enough so that the variations of the integrand are negli-
gible, which is guaranteed if the conditions in Eq. (2) are verified. Similar considerations can be done for the probability
of coincidence pC([ω − δω/2,ω + δω/2], [ω′ − δω/2,ω′ + δω/2]) for photons ending up in different channels,

pC([ω − δω/2,ω + δω/2], [ω′ − δω/2,ω′ + δω/2])

=
∫ ω+δω/2

ω−δω/2

∫ ω′+δω/2

ω′−δω/2
dw1 dw2(|〈vac|â1,w1 â2,w2 |ψ ′〉|2 + |〈vac|â1,w1 b̂2,w2 |ψ ′〉|2 + |〈vac|b̂1,w1 â2,w2 |ψ ′〉|2

+ |〈vac|â1,w2 â2,w1 |ψ ′〉|2 + |〈vac|â1,w2 b̂2,w1 |ψ ′〉|2 + |〈vac|b̂1,w2 â2,w1 |ψ ′〉|2)

=
∫ ω+δω/2

ω−δω/2

∫ ω′+ δω
2

ω′− δω
2

dw1 dw2

{
η2

2
|ξ1(w1)ξ2(w2)− ξ1(w2)ξ2(w1)|2 + 1 − η2

2
[|ξ1(w1)ξ2(w2)|2 + |ξ1(w2)ξ2(w1)|2]

}

= 1
2
{|ξ1(ω)ξ2(ω

′)|2 + |ξ1(ω
′)ξ2(ω)|2 − 2η2 Re[ξ1(ω)ξ2(ω

′)ξ ∗
1 (ω

′)ξ ∗
2 (ω)]}δωδω′ ≡ pC(ω,ω′)δω2. (B5)

Let us now suppose that the frequency distributions are of
the form ξi(ω) = ξ̄ (ω) e−iωti , with ξ̄ (ω) real and indepen-
dent on ti, for i = 1, 2, so that, following from Eqs. (B4)
and (B5),

pB(ω,ω′) = ξ̄ (ω)2ξ̄ (ω′)2{1 + η2 cos[(ω − ω′)�t]},
pC(ω,ω′) = ξ̄ (ω)2ξ̄ (ω′)2{1 − η2 cos[(ω − ω′)�t]}. (B6)

In the case of imperfect detectors detecting a single incom-
ing photon with probability γ 2, the probability distribu-
tions associated with the events of two-photon bunching
and two-photon coincidences at the detectors are, respec-
tively,

PB
η (ω,ω′) = γ 2pB(ω,ω′)

= γ 2ξ̄ (ω)2ξ̄ (ω′)2{1 + η2 cos[(ω − ω′)�t]}
PC
η (ω,ω′) = γ 2pC(ω,ω′)

= γ 2ξ̄ (ω)2ξ̄ (ω′)2{1 − η2 cos[(ω − ω′)�t]}.
(B7)

from which we find the expression in Eq. (3). On the other
hand, as one may expect, the probabilities

P0 = γ 2

P1(ω) = γ (1 − γ )

{∫
R

dω′[pB
η (ω,ω′)+ pC

η (ω,ω′)]
}

= 2γ (1 − γ )ξ̄ (ω)2 (B8)

of detecting no photons or only a single photon, respec-
tively, do not yield any information on�t, and thus, do not
contribute to the Fisher information.

APPENDIX C: FISHER INFORMATION

1. Arbitrary frequency spectra

In order to evaluate the Fisher information in Eq. (6)
associated with the estimation of �t, we evaluate from the
relevant expressions of the probabilities of bunching and
coincidence in Eq. (B7),

d
d�t

PB
η (ω,ω′) = − d

d�t
PC
η (ω,ω′)

= −γ 2ξ̄ (ω)2ξ̄ (ω′)2η2(ω − ω′) sin[(ω − ω′)�t], (C1)

and thus, from the definition of Fisher information

F(�t) = E

{[
d

d�t
log p(X |�t)

]2
}

, (C2)

with X denoting the random outcome of the measure-
ment procedure (i.e., frequencies detected and bunching or
coincidence detection), we obtain

Fη(�t) =
∫
ω<ω′

dω dω′
{

1
PB
η (ω,ω′)

[
d

d�t
PB
η (ω,ω′)

]2

+ 1
PC
η (ω,ω′)

[
d

d�t
PC
η (ω,ω′)

]2
}

= η4γ 2
∫

R2
dω dω′ ξ̄ (ω)2ξ̄ (ω′)2(ω − ω′)2

× sin2[(ω − ω′)�t]
1 − η4 cos2[(ω − ω′)�t]

= η4γ 2Iη(�t),

(C3)

which corresponds to Eq. (6).
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2. Regime �t � τ

We analyze now the Fisher information Fη(�t) in the
regime of large time delays �t � τ , obtaining the expres-
sion in Eq. (10). We first note that the function ζη[(ω −
ω′)�t] in Eq. (8) oscillates in ω − ω′, with period π/�t. If
the frequency spectrum ξ̄ (ω)2 of the two photons is regular
enough (as for Gaussian wave packets) so that it does not
present intrinsic fast fluctuations, we can assume that the
rest of the integrand in the Fisher information in Eq. (6)
is essentially constant within the periodicity interval π/�t
much smaller than the photonic bandwidth σ = 1/(2τ)
in the regime �t � τ . It is then possible to substitute
ζη[(ω − ω′)�t] with its average over its period in Eq. (6),
which reads

�t
π

∫
[0,π/�t]

dω ζη(ω�t) = 1 −
√

1 − η4

η4 . (C4)

Replacing ζη[(ω − ω′)�t] in Eq. (6) with the right-hand
term in Eq. (C4), we obtain

Fη(�t � τ) = 2(1 −
√

1 − η4)γ 2σ 2

= (1 −
√

1 − η4)Fη=1, (C5)

as shown in Eq. (10).

3. Gaussian spectra

Now we obtain the specialized expressions for the
Fisher information FG

η (�t) shown in Eq. (11) associated
with Gaussian photons, with spectra

ξ̄ (ω)2 =
√

1
2πσ 2 exp

[
− (ω −�0)

2

2σ 2

]
, (C6)

where �0 is the central frequency and σ 2 is the variance.
By substituting Eq. (C6) into Eq. (C3), we obtain

Fη(�t) = η4γ 2 1
2πσ 2

∫
dω dω′ e−(1/2σ 2)[(ω−�0)

2+(ω′−�0)
2]

× (ω − ω′)2ζ [(ω − ω′)�t]. (C7)

With a change of variables δ = ω − ω′, s = ω + ω′ −
2�0, we get

Fη(�t) = η4γ 2 1
4πσ 2

∫
dδ ds e−(s2+δ2)/(4σ 2)δ2ζ(δ�t)

= η4γ 2

√
1

4πσ 2

∫
dδ e−(δ2)/(4σ 2)δ2ζ(δ�t),

= η4γ 2

√
τ 2

π

∫
dδ e−τ2δ2

δ2ζ(δ�t). (C8)

A further change of variable to the dimensionless parame-
ter κ = δτ , finally yields

Fη(�t) = η4γ 2

τ 2

√
1
π

∫
dκ e−κ2

κ2ζ

(
κ
�t
τ

)
(C9)

corresponding to the expression for the Fisher information
FG
η (�t) in Eq. (11). From Eq. (C9), we can easily obtain

the dimensionless quantities

Fη(�t)�t2 = �t2

τ 2 η
4γ 2

√
1
π

∫
dκ e−κ2

κ2ζ

(
κ
�t
τ

)
,

(C10a)

Fη(�t)τ 2 = η4γ 2

√
1
π

∫
dκ e−κ2

κ2ζ

(
κ
�t
τ

)
, (C10b)

which only depend on the dimensionless parameters�t/τ ,
η, and γ .

4. Comparison with nonresolving approach

We now obtain the expression of the Fisher information
in Eq. (13) for nonresolved measurements. If instead the
frequencies of the two photons are not observed, the prob-
abilities of bunching and coincidence events can be found
by summing the probability in Eq. (3) over all the possible
frequencies ω,ω′ obtaining

PB
η =

∫
ω<ω′

dω dω′ PB
η (ω,ω′), (C11a)

PC
η =

∫
ω<ω′

dω dω′ PC
η (ω,ω′). (C11b)

Note how the effect of nonresolving the frequencies antic-
ipates the integration over all the frequencies of the pho-
tons, which is here performed on the probabilities instead
of while evaluating the expectation value of the Fisher
information in Eq. (6).

If we assume that the photons are Gaussian, with spectra
given in Eq. (C6), the probabilities in Eq. (C11) become

PB
η = γ 2

2
(1 + η2 e−�t2σ 2

), (C12a)

PC
η = γ 2

2
(1 − η2 e−�t2σ 2

). (C12b)

It is straightforward to see, by applying the definition
in Eq. (C2), that the expression of the Fisher information
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FIG. 4. Enhancement factor FG/FG,NR achieved through
frequency-resolving detectors with respect to nonresolving tech-
niques, as a function of σ�t ≡ �t/(2τ) and for different values
of η. We can see that, for a fixed delay between photons,
the enhancement factor increases exponentially with the spec-
tral width σ , taking values close to 2 for σ�t � 1, becoming
approximately 102 for σ�t � 2, and 106 for σ�t � 3.

associated with nonresolving measurements is

FG,NR
η (�t) = 4γ 2 η4

exp[2�t2σ 2] − η4�t2σ 4

≡ 1
2

Fη=1
η4

exp[�t2
2τ2 ] − η4

�t2

τ 2 , (C13)

as in Eq. (13) with Fη=1 = 2γ 2σ 2 ≡ γ 2/(2τ 2).
The advantage of the frequency-resolving technique,

compared with nonresolving estimation schemes, is clearly
visible in Fig. 4, where the exponential increase of
the enhancement factor FG(�t)/FG,NR(�t) between the
frequency-resolving and non-resolving approaches for
increasing values of σ�t is displayed. It is important
to note that the enhancement factor also represent the
ratio N G,NR/N G of photon pairs required to reach a given
precision with nonresolving and resolving detectors, for
schemes saturating the Cramér-Rao bound in Eq. (4). In
other words, an enhancement factor of 106, achieved, for
example, for σ�t = 3, translates into a theoretical reduc-
tion of experimental events that need to be observed of a
factor 106, with a remarkable impact on the duration of the
experiment.

APPENDIX D: NUMERICAL SIMULATION OF AN
EFFICIENT ESTIMATOR

We dedicate this section to propose and to analyze an
experimental strategy that practically achieves the Cramér-
Rao bound in Eq. (4). In particular, this strategy employs
the well-known maximum-likelihood estimator, which is
renownedly asymptotically unbiased and efficient, i.e., it
saturates the Cramér-Rao bound in the regime of large

samples [13,14]. We thus devote our numerical analysis to
understand how populated the sample of experimental data
must be in order to practically consider this ultimate bound
saturated. We perform the numerical analysis for the case
of Gaussian spectra discussed in the main text.

Let us imagine operating the frequency-resolving inter-
ferometer for a given period of time, in which we manage
to observe Nγ ≡ Nγ 2 two-photon events. In doing so, we
are already taking into account that a portion N (1 − γ 2)

of events must be discarded since they do not yield any
information on the time delay due to losses (only one or
no photons are detected). In fact, we note from Eqs. (4)
and (6) that the Cramér-Rao bound we evaluate is equiva-
lent to the same bound in a lossless scenario, but with Nγ 2

pairs of photons at our disposal. We thus consider from
now on a setup without losses, but which employs only a
fraction Nγ ≡ Nγ 2 of photon pairs.

The outcome of the ith observed event s{i} =
(ω

{i}
1 ,ω{i}

2 , Xi), with i = 1, . . . , Nγ will contribute to the
experimental sample SNγ = {s{i}}i=1,...,Nγ with the joint
information regarding the frequencies ω{i}

1 , ω{i}
2 of the two

photons, and whether they ended up in the same output
channel of the beam splitter or not, i.e., Xi = C for coin-
cidence or Xi = B for bunching photons. Assuming that
the resolution δω of the detectors satisfies conditions in
Eq. (2), and that their working range practically spans over
the whole photonic spectra, each outcome of the experi-
ment will be exactly generated according to the probability
distribution given by Eq. (3) with γ = 1, namely,

P(s{i},�t)δω2 = PXi
η (ω

{i}
1 ,ω{i}

2 )δω
2, (D1)

where we emphasized the dependency of this probability
on the unknown delay �t.

Since each repetition of the experiment is performed
independently from the others, the probability P(SNγ )

associated with the whole sample SNγ is given by the
product

P(SNγ ,�t)δω2Nγ =
Nγ∏
i=1

P(s{i},�t)δω2 (D2)

of the single event probabilities. The expression in
Eq. (D2) can be thought of as a function LR(�t | SNγ ) ≡
P(SNγ ,�t) of �t, typically called likelihood function,
yielding the probability (up to a factor δω2Nγ ) that the
observed sample SNγ is randomly generated according to
the value �t of the delay. Noticeably, for every possible
value �t, the likelihood LR(�t | SNγ ) is a number that can
be easily evaluated through Eq. (D2) once the data sample
SNγ has been obtained.

The strategy we propose then makes use of the
maximum-likelihood estimator �̃tMLE to retrieve an esti-
mate of the delay true unknown value, which is thus given
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by the quantity that maximizes the likelihood function, i.e.,
it is implicitly defined by

LR(�̃tMLE | SNγ ) = sup
�t

LR(�t | SNγ ). (D3)

The advantage of employing the maximum-likelihood esti-
mator is that for large numbers of samples, i.e., large Nγ ,
it is asymptotically unbiased and efficient, in the sense
that, in this regime, its expectation value equals the true
value of the unknown delay �t, and its variance sat-
urates the Cramér-Rao Bound, i.e., E[�̃tMLE] = �t and
Var[�̃tMLE] = [NFη(�t)]−1. On the other hand, Eq. (D3)
cannot be solved analytically in general, e.g., in the case of
Gaussian spectra we examined previously, so a numerical
approach is usually undertaken to maximize the likelihood
function LR(�t | SNγ ).

Lastly, in Fig. 3 in the main text and in Figs. 5–7, we test
unbiasedness and efficiency of the maximum-likelihood
estimator for different numbers Nγ of the observed sam-
ples SNγ , comparing the results of our frequency-resolving
strategy with a nonresolving one, for example, the time-
delay estimation based on maximum likelihood in Ref. [9].
We see how both the unbiasedness and the efficiency
of the maximum-likelihood estimator are reached for a

number Nγ � 1000 independently of�t for the frequency-
resolving technique (see Figs. 5–8). On the other hand,
the nonresolving approach struggles to perform the esti-
mation for values of �t far from the peak of the relative
Fisher information (see Figs. 5 and 7, and Fig. 3 in the
main text). In this case, not only the Cramèr-Rao bound
diverges, yielding a low precision, but also the number of
failed estimations, due to statistical fluctuations, increases.

Indeed, each attempt to estimate �t with the nonresolv-
ing technique has a generally nonvanishing probability to
fail, e.g. to yield a nonfinite estimate of the delay. This hap-
pens every time the outcome of the experiment, i.e., the
number of bunching and coincidence events NB and NC,
respectively, are not compatible with the parametrisation
in �t of the relative probabilities PB

η and PC
η in Eq. (C12).

In fact, the global maximum of the nonresolved likelihood
function

LNR(�t | SNγ ) = (PB
η )

NB(PC
η )

NC (D4)

is achieved for

PC
η = NC

NC + NB
, PB

η = NB

NC + NB
. (D5)

FIG. 5. Single outcomes of the estimation of the delay �t for various number of samples, both for the frequency-resolved (upper
panels) and nonresolving technique (lower panels) for three different values of the delay, for η � 0.8. The area in blue between
the two curves in each plot represents a range of two times the Cramèr-Rao bound from the true value of the delay. We can see
how the estimations concentrate much more around �t for the frequency-resolving approach, especially for larger delays, where the
nonresolving approach tends to fail. The green points in the lower panels represent failed estimations of the nonresolving technique:
due to statistical fluctuations, more visible with smaller numbers of samples, it is sometimes possible to observe a counting of bunching
and coincidence events not compatible with the expressions of the respective probabilities in Eq. (C12) for any finite value of�t. These
failed estimates are mostly encountered for values of the delay far from the peak of the Fisher information, but also for optimal values
of the delay when the indistinguishability η at the detectors is small (see Fig. 3 in the main text).

044068-11



TRIGGIANI, PSAROUDIS, and TAMMA PHYS. REV. APPLIED 19, 044068 (2023)

0 200 400 600 800 1000

0

0.5

1

1.5

0

0.5

1

1.5

0 200 400 600 800 1000

0

0.5

1

1.5

0

0.5

1

1.5

0 200 400 600 800 1000

0

0.5

1

1.5

0

0.5

1

1.5

FIG. 6. Numerical simulation for the estimation of the delay
with the frequency-resolving technique have been carried out,
and statistical averages over 106 iterations of the estimation
are plotted for the expectation value and the variance of the
maximum-likelihood estimator, for η � 0.8. Both unbiasedness
and efficiency are achieved for a numbers of samples smaller than
1000.

Employing the expressions of PC
η or PB

η in Eq. (C12),
and solving in �t either of the conditions in Eq. (D5),
one obtains an analytical expression of the maximum-
likelihood estimator

�tNR(NC, NB) = ± 1
σ

√
log

(
η2 NB + NC

NB − NC

)
. (D6)

However, for certain outcomes SNγ = {NB, NC} of the
experiment, the conditions in Eq. (D5) cannot be satisfied
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FIG. 7. Numerical simulations of the estimation for delays
�t = 4τ , 9τ through the nonresolving technique, with η � 0.8.
In this regime, the Cramèr-Rao bound drastically increases as
the Fisher information in Eq. (13) decreases exponentially for
increasing�t. Moreover, many iterations fail to yield a finite esti-
mate of the delay due to the statistical fluctuations in the number
of coincidence and bunching events observed, as it can be seen
from the density of green points, each one representing a failed
estimation.

for any real, finite value �t of the delay. For example, if
one observes in a given experiment NC > NB, the con-
dition in Eq. (D5) cannot be satisfied for any real �t,
since PB

η � PC
η for every real, finite value of �t [see

Eq. (C12)], and indeed in this scenario the analytical esti-
mator in Eq. (D6) yields a complex number. In this case,
the real value of �t maximizing the likelihood function
in Eq. (D4) is the value for which PB

η is the smallest
and PC

η the largest possible, i.e., �t = ∞. The probabil-
ity Pfail that an experiment yields a nonfinite estimate of
the delay can be calculated as the sum, over all the pos-
sible values of NC satisfying NC � NB (i.e., NC � Nγ /2)
of the probabilities P(NC) that NC coincidence events are
observed. These probabilities follow the binomial distri-
bution; thus, the overall probability of failure, plotted in
Fig. 9, is given by
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FIG. 8. Numerical simulations
of the estimation for large delays
through our frequency-resolving
technique, with η � 0.8. We can
see that the unbiasedness and
the saturation of the Cramèr-
Rao bound are effectively reached
within the range of Nγ = 1000
samples observed.

Pfail(Nγ , η) =
Nγ∑

NC=�Nγ /2�
P(NC)

=
Nγ∑

NC=�Nγ /2�

(
Nγ
NC

) (
1 − η2 e−�tσ 2

2

)NC

×
(

1 + η2 e−�tσ 2

2

)Nγ−NC

, (D7)

FIG. 9. Plots of Pfail in Eq. (D7) as a function of τ/�t. Dif-
ferently from our frequency-resolving technique, the fail rate of
the nonresolving approach drastically increases either for smaller
values of τ/�t or for small values of η for any value of τ/�t,
including the optimal scenarios �t � 2τ (see Fig. 2).

where
(

k
n

)
= n!/[k!(n − k)!] is the binomial coeffi-

cient, while �x� denote the closest integer to x rounded up.
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